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Stabilization of the weakly coupled
wave-plate system with one internal damping∗
Xiaoyu Fu† and Qi Lu¨‡
Abstract
This paper is addressed to a stabilization problem of a system coupled by a wave
and a Euler-Bernoulli plate equation. Only one equation is supposed to be damped
with a damping function d(·). Under some assumption about the damping and the
coupling terms, it is shown that sufficiently smooth solutions of the system decay
logarithmically at infinity without any geometric conditions on the effective damping
domain. The proofs of these decay results rely on the interpolation inequalities for
the coupled elliptic-parabolic systems and make use of the estimate of the resolvent
operator for the coupled system. The main tools to derive the desired interpolation
inequalities are global Carleman estimates.
Key Words. Logarithmic stability, coupled wave-plate equations, interpolation inequality,
resolvent operator estimate.
1 Introduction
Let Ω be a bounded domain in lRn (n ∈ lN) with the C4 boundary Γ. Consider the following
weakly coupled wave-plate system:

ytt −∆y + c(x)z + αd(x)yt = 0 in lR+ × Ω,
ztt +∆
2z + c(x)y + (1− α)d(x)zt = 0 in lR+ × Ω,
y = z = ∆z = 0 on lR+ × Γ,
(y(0), yt(0)) = (y
0, y1), (z(0), zt(0)) = (z
0, z1) in Ω.
(1.1)
Here c(·) ∈ L∞(Ω) denotes the coupling function, d(·) ∈ L∞(Ω) denotes the damping func-
tion, α = 0 or α = 1. Both c(·) and d(·) are nonnegative functions.
When d = 0, the system (1.1) is a classical model to describe the propagation of waves
in elastic solids (e.g.[1, 22]). In recent years, the model in which d 6= 0 attracts lots of
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attentions due to the study of the plastic composite materials. These materials are widely
used in industry, such as aerocraft, ships, submarines and automobiles. Light weight is one
of the main advantage of them. However, light weight could lead the structural elements of
the composite to subject to unnecessary vibrations. Then it is important to add some damp-
ing on the system to attenuate unnecessary vibrations in the design of composite dynamic
structures(e.g. [2, 32]). In (1.1), if α = 1, then the term “d(x)yt” is an damping acted on
the wave which is used to stabilize the wave directly and the plate indirectly. On the other
hand, if α = 0, then “d(x)zt” is an damping acted on the plate which is used to stabilize the
plate directly and the wave indirectly.
The stabilization of both wave and plate equations are studied extensively in the literature
(see [9, 12, 17, 25, 26, 28, 29, 34] and the rich references therein). Generally speaking, there
are three types of decays for the energy of damped systems, that is, exponential decay,
polynomial decay and logarithmic decay. To obtain the first two decays, one needs restrictive
conditions on the support of the damping. For example, to get the exponential decay of the
energy of wave equations, one needs the set
ω
△
= {x ∈ Ω : d(x) ≥ d0 for some d0 > 0}
fulfills the geometric control condition (e.g. [9]). To get the polynomial decay, one needs Ω
and ω fulfills some special geometric condition (see [12, 14, 29] for example). Similar things
happen for plate equations (e.g.[8, 13, 23]).
When Ω and ω does not fulfill any special condition, people find that the energies of both
wave and plate equations satisfy logarithmic decay(e.g. [25, 26]). In this paper, we show
such decay also holds for (1.1).
There exist many results on the stabilization of coupled systems in the literature (see
[3, 4, 5, 7, 6, 31, 33] and the rich references therein). Particularly, in [5], the author obtained
the polynomial decay of the system (1.1) with a constant coupling parameter and a damping
which is effective on the whole boundary. As far as we know, there is no reference addressing
the asymptotic behavior of the system (1.1) (with only one damping but without geometric
assumptions on the effective damping domain).
In this paper, we will show the logarithmic decay property for solutions of the system
(1.1). According to a well known result of Burq (see [11, Theorem 3]), to obtain the loga-
rithmic decay rate, it suffices to show some high-frequency estimates with exponential loss
on the resolvent. Thus, the main difficulty is the estimate of the resolvent operators, which
will be solved by using some Carleman inequalities. To this end, we borrow some idea in
[20]. However, there are some new essential difficulties. Indeed, to get the energy decay for
a system coupled by two wave equations, one should establish an interpolation inequality
for a system coupled by two elliptic equations. In our case, we have to get two interpolation
inequalities for a system coupled by one elliptic and two parabolic equations. One cannot
simply mimic the techniques in [20] to obtain our result. Please see Section 4 for more
details.
The rest of this paper is organized as follows: In Section 2, we give the main results in this
paper. Section 3 is devoted to establish Carleman estimates for some second order partial
differential operators. Section 4 is addressed to proving some interpolation inequalities by
those Carleman estimates. At last, in Section 5, we prove our main results.
2
2 Statement of the main results
Throughout this paper, we always assume that c(·) and d(·) are bounded real valued non-
negative functions satisfying
c(x) ≥ c0 > 0 in ωc (2.1)
and
d(x) ≥ d0 > 0 in ωd, (2.2)
where ωc and ωd are any fixed non-empty open subsets of Ω, and c0 and d0 are given constants.
Remark 2.1 The condition (2.1) means that the two equations are at least coupled effectively
on the non-empty open set ωc. If it does not hold, then the wave and the plate may not impact
each other efficaciously. Then one cannot stabilize the system by only put damping on one
equation.
Remark 2.2 The condition (2.2) means that the damping are at least worked effectively on
the non-empty open set ωd. If it does not hold, then the damping may not be strong enough
to stabilize the system. An extreme example is that d = 0.
In what follows, we will use C = C(Ω, ωc, ωd) to denote generic positive constants which
may vary from line to line.
Let
H
△
= H10 (Ω)× L2(Ω)× (H2(Ω) ∩H10 (Ω))× L2(Ω).
Write an element U ∈ H as U = (y, u, z, v), where y ∈ H10 (Ω) and u, v ∈ L2(Ω), z ∈
H2(Ω) ∩H10 (Ω). Define an unbounded operator A : D(A) ⊂ H → H by

D(A) △= {U ∈ H : AU ∈ H, y∣∣
Γ
= z
∣∣
Γ
= ∆z
∣∣
Γ
= 0
}
,
AU =
(
u,∆y − c(x)z − αd(x)u, v,−∆2z − c(x)y − (1− α)d(x)v
)
.
(2.3)
It is easy to show that A generates a C0-semigroup {etA}t≥0 on H . Therefore, system (1.1)
is well-posed. The energy of a solution (y, z) to the system (1.1) at time t is given by:
E(t) =
1
2
∫
Ω
(|∇y(t)|2 + |yt(t)|2)dx
+
1
2
∫
Ω
(|∆z(t)|2 + |zt(t)|2)dx+
∫
Ω
c(x)Re
(
y(t)z(t)
)
dx.
(2.4)
When d = 0, it is easy to see that E(·) is conservative. When d 6= 0, our main results
are stated as follows:
Theorem 2.1 Let c(·) and d(·) satisfy (2.1) and (2.2). Suppose that ωc ∩ ωd 6= ∅. Then,
solutions etA(y0, y1, z0, z1) ≡ (y, yt, z, zt) ∈ C(lR; D(A)) ∩ C1(lR; H) to system (1.1) satisfy
||etA(y0, y1, z0, z1)||H ≤ C
log(2 + t)
||(y0, y1, z0, z1)||D(A),
∀ (y0, y1, z0, z1) ∈ D(A), ∀ t > 0.
(2.5)
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Remark 2.3 From [25], we know the decay rate in Theorem 2.1 is sharp.
Following [16, Theorem 7.1] (see also [11, Theorem 3]), Theorem 2.1 is a consequence of
the following resolvent estimate for the operator A:
Theorem 2.2 Under the assumptions of Theorem 2.1, there exists a constant C > 0 such
that if
Reλ ∈ [−e−C|Imλ|/C, 0] ,
then it holds that
||(A− λI)−1||L(H) ≤ CeC|Imλ|, for |λ| > 1.
Remark 2.4 In this paper, we assume that ωc ∩ ωd 6= ∅. It would be quite interesting to
consider the case that ωc ∩ ωd = ∅. As far as we know, this is an unsolved problem.
3 Carleman estimates for the elliptic and parabolic op-
erators
In this section, we establish Carleman estimates for elliptic operator ∂ss +∆, and parabolic
operators ∂t +∆ and ∂s −∆, respectively.
To begin with, we assume that ωk (k = 0, 1, 2, 3, 4) are subdomains of Ω such that
ω0 ⊂ ω1 ⊂ ω2 ⊂ ω3 ⊂ ωc ∩ ωd △= ω4. Recall that there exists a function ψˆ ∈ C2(Ω) such that
(see [21] for example)
ψˆ > 0 in Ω, ψˆ = 0 on ∂Ω, |∇ψˆ| > 0 in Ω \ ω0. (3.1)
With the aid of the function ψˆ defined above, we introduce weight functions as follows:
θ = eℓ, ℓ = λφ, φ = eµψ, ψ = ψ(s, x)
△
=
ψˆ(x)
||ψˆ||L∞(Ω)
+ b2 − s2. (3.2)
Here 1 < b ≤ 2 will be given later, λ, µ, s ∈ lR are parameters and x ∈ Ω.
We first recall the following known global Carleman estimate for elliptic equations.
Lemma 3.1 ([20, Theorem 3.1]) Let p ∈ C2((−b, b)×Ω; lC), and let ℓ ∈ C2((−b, b)×Ω) be
given by (3.2). Then, there is a constant µ0 > 0 such that for all µ ≥ µ0, one can find two
constants C = C(µ) > 0 and λ0 = λ0(µ) so that for all p ∈ H10 ((−b, b)×Ω) and pss+∆p = f1
(in (−b, b) × Ω, in the sense of distribution) with f1 ∈ L2((−b, b) × Ω), and for all λ ≥ λ0,
it holds that
λµ2
∫ b
−b
∫
Ω
θ2φ(|∇p|2 + |ps|2 + λ2µ2φ2|p|2)dxds
≤ C
[ ∫ b
−b
∫
Ω
θ2|f1|2dxds+ λµ2
∫ b
−b
∫
ω0
θ2φ(|∇p|2 + |ps|2 + λ2µ2φ2|p|2)dxds
]
.
(3.3)
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Further, choose some cut-off functions ηj+1 ∈ C∞0 (ωj+1) (j = 0, 1, 2, 3, 4) such that
ηj+1(x) = 1 in ωj . Then, we have the following local weighted energy estimate.
Lemma 3.2 Let γ ∈ lR and ℓ ∈ C2((−b, b) × Ω; lR) be given by (3.2). Then, there is a
constant λ0 > 0 such that for all λ ≥ λ0, one can find a constant C > 0 so that for all
q ∈ H10 ((−b, b) × Ω) and γqs + ∆q = f2 (in (−b, b) × Ω, in the sense of distribution) with
f2 ∈ L2((−b, b)× Ω), for any β ≥ 2, it holds that∫ b
−b
∫
Ω
θ2η2j+1φ
k|∇q|2dxds
≤ 1
(λµ)β
∫ b
−b
∫
Ω
θ2|f2|2dxds+ C(λµ)β
∫ b
−b
∫
Ω
θ2η2j+1φ
k+2|q|2dxds
(3.4)
where j = 0, 1, 2, 3, 4 and k ∈ lN.
Proof. We choose a cut-off function ηj+1 ∈ C∞0 (ωj+1; [0, 1]) such that η(x) = 1 in ωj . A
short calculation shows that
θ2φkη2j+1
[
q(γqs +∆q) + q(γqs +∆q)
]
= (γθ2φkη2j+1|q|2)s − (γθ2φkη2j+1)s|q|2 +
n∑
l=1
[
θ2φkη2j+1(qqxl + qqxl)
]
xl
−2θ2φkη2j+1|∇q|2 −
n∑
l=1
(
θ2φkη2j+1
)
xl
(qqxl + qqxl).
(3.5)
Next, recalling (3.2) for the definition of ℓ, it is easy to see that{
ℓs = λµφψs, ℓxj = λµφψxj , ℓxjs = λµ
2φψsψxj ,
ℓss = λµ
2φψ2s + λµφψss, ℓxjxk = λµ
2φψxjψxk + λµφψxjxk .
(3.6)
Integrating (3.5) in (−b, b) × Ω, noting that q(−b) = q(b) = 0 in Ω and q = 0 on the
boundary, by (3.6), we get the desire result immediately.
Further, we recall the following point-wise weighted inequality for the parabolic operators.
Lemma 3.3 ([18, Theorem 2.1]) Let γ ∈ lR and z ∈ C2(lR1+n; lC). Set θ = eℓ, v = θq and
Ψ = −2∆ℓ. Then
1
2
θ2|γqs +∆q|2 +Ms + div V
≥ 2
n∑
j,k=1
ℓxjxk(vxkvxj + vxkvxj) + 2∆ℓ|∇v|2 +B|v|2,
(3.7)
where
A
△
= |∇ℓ|2 +∆ℓ, (3.8)
5
and 

M
△
= (γ2ℓs − γA)|v|2 + γ|∇v|2,
V
△
= [V 1, · · · , V k, · · · , V n],
V k
△
= −γ(vxkvs + vxkvs) + 2
n∑
j=1
ℓxj (vxjvxk + vxjvxk)− 2ℓxk |∇v|2
+2∆ℓ(vxkv + vxkv) + (2Aℓxk − 2∆ℓxk − 2γℓxkℓs)|v|2,
B
△
= γ2ℓss − γAs − 2γ(∇ℓ · ∇ℓs −∆ℓℓs)− 2∆2ℓ+ 2(∇A · ∇ℓ− A∆ℓ).
(3.9)
Proof. Taking α = γ ∈ lR, β = 0, m = n and (ajk)n×n = In (the unit matrix) in [18,
Theorem 2.1] with t replaced by s, in this case Pq = γqs +∆q. Noting that Ψ = −2∆ℓ and
θ(PqI1 + PqI1) ≤ 2|I1|2 + 1
2
θ2|Pq|2, we immediately get the desired result.
Remark 3.1 Similar point-wise weighted identity was given in [27, Lemma 2.1] for the real
valued parabolic equation.
Based on Lemma 3.2 and Lemma 3.3, we have the following Carleman estimate for the
heat equations.
Lemma 3.4 Let γ ∈ lR and ℓ ∈ C2((−b, b) × Ω; lR) be given by (3.2). Then, there is a
constant µ1 > 0 such that for all µ ≥ µ1, one can find two constants C = C(µ) > 0 and
λ1 = λ1(µ) so that for all q ∈ H10 ((−b, b) × Ω) and γqs + ∆q = f2 (in (−b, b) × Ω, in the
sense of distribution) with f2 ∈ L2((−b, b)× Ω), and for all λ ≥ λ1, it holds that∫ b
−b
∫
Ω
θ2(λφ)−1(|∆q|2 + |γqs|2)dxds+ λµ2
∫ b
−b
∫
Ω
θ2φ(|∇q|2 + λ2µ2φ2|q|2)dxds
≤ C
[ ∫ b
−b
∫
Ω
θ2|f2|2dxds+ λ3µ4
∫ b
−b
∫
ω1
θ2φ3|q|2dxds
]
.
(3.10)
Proof. We divide the proof into several steps.
Step 1. By (3.6), a short calculation shows that
2
n∑
j,k=1
ℓxjxk(vxkvxj + vxkvxj ) + 2∆ℓ|∇v|2
≥ 4λµ2φ|∇ψ · ∇v|2 + 2λµ2φ|∇ψ|2|∇v|2 − Cλµφ|∇v|2.
(3.11)
Next, by (3.2), (3.6) and (3.8), we obtain that{
A = λ2µ2φ2|∇ψ|2 + λµ2φ|∇ψ|2 + λµφ∆ψ
∇(φ2|∇ψ|2) · ∇ℓ = 2λµ2φ3|∇ψ|4 + λµφ3∇(|∇ψ|2) · ∇ψ. (3.12)
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Recalling (3.9) for the definition of B, it follows from (3.12) that
B = γ2ℓss − γAs − 2γ(∇ℓ · ∇ℓs −∆ℓℓs)− 2∆2ℓ+ 2(∇A · ∇ℓ−A∆ℓ)
≥ 2λ3µ4φ3|∇ψ|4 − Cλ3µ3φ3 − Cλµ4φ. (3.13)
Combining (3.11) and (3.13), we find that
RHS of (3.7) ≥ 2λµ2φ|∇ψ|2(|∇v|2 + λ2µ2φ2|∇ψ|2v2)
−Cλµφ(|∇v|2 + λ2µ2φ2|v|2 + µ3|v|2). (3.14)
Integrating inequality (3.7) on (−b, b)×Ω, using integration by parts, noting that vxj = ∂v∂ννj
on Σ (which follows from v|Σ = 0), v(−b) = v(b) = 0 and by (3.1) and (3.14), we have that
λµ2
∫ b
−b
∫
Ω
φ|∇ψ|2
(
|∇v|2 + λ2µ2φ2|∇ψ|2|v|2
)
dxds
≤ C
[
||θf2||2L2(Q) + λµ
∫ b
−b
∫
Ω
φ
(
|∇v|2 + λ2µ2φ2|v|2 + µ3|v|2
)
dxds
]
,
(3.15)
where we use the following fact∫ b
−b
∫
Ω
divV dxds = 2λµ
∫ b
−b
∫
Γ
φ
∂ψ
∂ν
∣∣∣∂v
∂ν
∣∣∣2dxds ≤ 0.
On the other hand, by (3.1) and (3.2), it is easy to see that
h
△
= |∇ψ| = 1||ψˆ||L∞(Ω)
|∇ψˆ(x)| > 0, in Ω \ ω0.
Then
λµ2
∫ b
−b
∫
Ω
φh2
(
|∇v|2 + λ2µ2φ2h2|v|2
)
dxds
≥ c1λµ2
∫ b
−b
∫
Ω\Ωω0
φ
(
|∇v|2 + λ2µ2φ2|v|2
)
dxds
−Cλµ2
∫ b
−b
∫
ω0
φ
(
|∇v|2 + λ2µ2φ2|v|2
)
dxds.
(3.16)
Combining (3.15)–(3.16), noting that v = θq, we get that
λµ2
∫ b
−b
∫
Ω
θ2φ
(
|∇q|2 + λ2µ2φ2|q|2
)
dxds
≤ C
[
||θf2||2L2(Q) + λµ
∫ b
−b
∫
Ω
θ2φ
(
|∇q|2 + λ2µ2φ2|q|2 + µ3|q|2
)
dxds
]
+Cλµ2
∫ b
−b
∫
ω0
θ2φ
(
|∇q|2 + λ2µ2φ2|q|2
)
dxds.
(3.17)
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Taking µ1
△
= 4C + 1 > 0, for any µ ≥ µ1, we have
λµ2
∫ b
−b
∫
Ω
θ2φ
(
|∇q|2 + λ2µ2φ2|q|2
)
dxds
≤ C
(
||θf2||2L2(Q) + λµ4
∫ b
−b
∫
Ω
θ2φ|q|2dxds
)
+Cλµ2
∫ b
−b
∫
ω0
θ2φ
(
|∇q|2 + λ2µ2φ2|q|2
)
dxds.
(3.18)
Taking λ2
△
= 2
√
C + 1 > 0, for any λ ≥ λ2, we have
λµ2
∫ b
−b
∫
Ω
θ2φ(|∇q|2 + λ2µ2φ2|q|2)dxds
≤ C
[ ∫ b
−b
∫
Ω
θ2|f2|2dxds+ λµ2
∫ b
−b
∫
ω0
θ2φ(|∇q|2 + λ2µ2φ2|q|2)dxds
]
.
(3.19)
Step 2. Let us estimate “
∫ b
−b
∫
Ω
θ2(λφ)−1(|∆q|2 + |γqs|2)dxds”.
By (3.6) and (3.1), a short calculation shows that
∫ b
−b
∫
Ω
θ2(λφ)−1γ(qs ·∆q + qs∆q)dxds
= −γ
∫ b
−b
∫
Ω
∇(θ2(λφ)−1) · (∇qqs +∇qqs)dxds+ γ
∫ b
−b
∫
Ω
(
θ2(λφ)−1
)
s
|∇q|2dxds
≤ 1
2
∫ b
−b
∫
Ω
θ2(λφ)−1|γqs|2dxdt+ Cλµ2
∫ b
−b
∫
Ω
θ2φ|∇q|2dxds.
(3.20)
Combining (3.20) and (3.19), we end up with
∫ b
−b
∫
Ω
θ2(λφ)−1(|∆q|2 + |γqs|2)dxds
≤ C
[ ∫ b
−b
∫
Ω
θ2|f2|2dxds+ λµ2
∫ b
−b
∫
ω0
θ2φ(|∇q|2 + λ2µ2φ2|q|2)dxds
]
.
(3.21)
Finally, Combing (3.19) and (3.21), by Lemma 3.2, taking λ1 = max{λ0, λ2}, we get the
desired estimate in Lemma 3.4 immediately.
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4 Two interpolation inequalities for the weakly cou-
pled elliptic-parabolic system
In this section we shall prove two interpolation inequalities for the following weakly coupled
elliptic-parabolic system:

pss +∆p− c(x)q + iαd(x)ps = p0 in X,
ws +∆w − c(x)p + i(1− α)d(x)qs = w0 in X,
qs −∆q = w in X,
p = q = w = 0 on Σ.
(4.1)
Here X = (−2, 2)×Ω, Σ = (−2, 2)×Γ and p0, w0 ∈ L2(X). In what follows, we will use the
notations Y
△
= (−1, 1)×Ω, X∗ △= (−2, 2)× (ωc ∩ ωd). We have the following interpolation
inequalities for system (4.1).
Theorem 4.1 Let α = 1. Under the assumptions in Theorem 2.1, there exists a constant
C > 0 such that, for any ε > 0, any solutions (p, w, q) of system (4.1) satisfies
||p||H1(Y ) + ||w||L2(Y ) + ||q||L2(Y )
≤ CeC/ε(||p0||L2(X) + ||w0||L2(X) + ||p||L2(X∗) + ||ps||L2(X∗))
+Ce−2/ε
(||p||L2(X) + ||ps||L2(X) + ||w||L2(X) + ||q||L2(X)).
(4.2)
Theorem 4.2 Let α = 0. Under the assumptions in Theorem 2.1, there exists a constant
C > 0 such that, for any ε > 0, any solutions (p, w, q) of system (4.1) satisfies
||p||H1(Y ) + ||w||L2(Y ) + ||q||L2(Y )
≤ CeC/ε(||p0||L2(X) + ||w0||L2(X) + ||q||L2(X∗) + ||qs||L2(X∗))
+Ce−2/ε
(||p||L2(X) + ||ps||L2(X) + ||w||L2(X) + ||q||L2(X)).
(4.3)
Proof of Theorem 4.1. The proof is based on the global Carleman estimates presented
in Lemma 3.1 and Lemma 3.4. In case of α = 1, the damping we imposed related to d(x)ps,
in this situation, the main difficulty is to estimate the energy of the coupled system (p, w, q)
only localized in ωc ∩ ωd by
∫
ωc∩ωd
(|p|2 + |ps|2)dx. The proof is long, hence we divide it into
several steps.
Step 1. Note that there is no boundary conditions for p, w and q at s = ±2 in system
(4.1). Therefore, we need to introduce a cut-off function ϕ = ϕ(s) ∈ C∞0 (−b, b) ⊂ C∞0 (lR)
such that {
0 ≤ ϕ(s) ≤ 1 |s| < b,
ϕ(s) = 1, |s| ≤ b0,
(4.4)
where 1 < b0 < b ≤ 2 are given as follows:
b
△
=
√
1 +
1
µ
ln(2 + eµ), b0
△
=
√
b2 − 1
µ
ln
(
1 + eµ
eµ
)
, ∀µ > ln 2. (4.5)
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Put
pˆ = ϕp, wˆ = ϕw, qˆ = ϕq. (4.6)
Then, noting that ϕ does not depend on x, by (4.1), it follows

pˆss +∆pˆ = F1 in X,
wˆs +∆wˆ = F2 in X,
qˆs −∆qˆ = F3 in X,
pˆ = qˆ = wˆ = 0 on Σ,
(4.7)
where 

F1
△
= ϕssp+ 2ϕsps + ϕp
0 − iαd(x)ϕps + c(x)qˆ,
F2
△
= ϕsw + ϕw
0 − i(1− α)d(x)ϕqs + c(x)pˆ,
F3
△
= ϕsq + wˆ.
(4.8)
For system (4.7), by using Lemmas 3.1 and 3.4, noting that α = 1, we conclude that
there is a µ1 > 0 such that for all µ ≥ µ1, one can find two constants C = C(µ) > 0 and
λ1 = λ1(µ) so that for all λ ≥ λ1, it holds that
λµ2
∫ b
−b
∫
Ω
θ2φ(|∇pˆ|2 + |pˆs|2 + λ2µ2φ2|pˆ|2 + λ2µ2|wˆ|2 + λ2µ2|qˆ|2)dxds
+
∫ b
−b
∫
Ω
θ2(λφ)−1(|∆wˆ|2 + |wˆs|2 + |∆qˆ|2 + |qˆs|2)dxds
≤ C
[ ∫ b
−b
∫
Ω
θ2
(
|F1|2 + |F2|2 + |F3|2
)
dxds
+Cλµ2
∫ b
−b
∫
ω1
θ2φ
(
λ2µ2φ2|pˆ|2 + |pˆs|2 + |∇pˆ|2 + λ2µ2φ2|wˆ|2 + λ2µ2φ2|qˆ|2
)
dxds.
(4.9)
Step 2. Let us estimate “
∫ b
−b
∫
ω1
θ2φ3|wˆ|2dxds”.
Recall that η2 ∈ C∞0 (ω2) satisfying η2 = 1 in ω1. By (4.7) and (4.8), we have
θ2φ3η22|wˆ|2
= θ2φ3η22wˆ(qˆs −∆qˆ)− θ2φ3η22wˆϕsq
= −θ2φ3η22 qˆ(wˆs +∆wˆ) + (θ2φ3η22wˆqˆ)s − (θ2φ3η22)swˆqˆ − θ2φ3η22wˆϕsq
−
n∑
j=1
[
θ2φ3η22(wˆqˆxj − wˆxj qˆ)
]
xj
+
n∑
j=1
(θ2φ3η22)xj(wˆqˆxj − wˆxj qˆ).
(4.10)
Now, integrating (4.10) on (−b, b) × Ω, noting that wˆ(−b) = wˆ(b) = 0 in Ω, by (4.7) and
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(3.6), we find that∫ b
−b
∫
Ω
θ2η22φ
3|wˆ|2dxds
≤ −
∫ b
−b
∫
Ω
θ2φ3η22 qˆF2dxds+ Cλ
2µ2
∫ b
−b
∫
Ω
θ2φ5η22|qˆ|2dxds
+C
∫ b
−b
∫
Ω
∣∣∣ n∑
j=1
(θ2φ3η22)xj(wˆqˆxj − wˆxj qˆ)
∣∣∣dxds.
(4.11)
However, by Lemma 3.2, it is easy to check that∫ b
−b
∫
Ω
∣∣∣ n∑
j=1
(θ2φ3η22)xj(wˆqˆxj − wˆxj qˆ)
∣∣∣dxds
≤ 1
(λµ)3
∫ b
−b
∫
ω1
θ2η22φ(|∇wˆ|2 + φ2|wˆ|2)dxds
+C(λµ)5
[ ∫ b
−b
∫
ω1
θ2η22φ
5|∇qˆ|2ddxds+
∫ b
−b
∫
ω2
θ2φ7|qˆ|2dxds
]
≤ 1
(λµ)5
∫ b
−b
∫
Ω
θ2|F2|2dxds+ C
λµ
∫ b
−b
∫
Ω
θ2φ3η22|wˆ|2dxds
+
C
(λµ)4
∫ b
−b
∫
Ω
θ2|F3|2dxds+ C(λµ)14
∫ b
−b
∫
ω2
θ2φ7|qˆ|2dxds.
(4.12)
Combining (4.11) and (4.12), for fixed µ, we conclude that there is a λ3 > 0 such that for
all λ ≥ λ3, one can find two constants C = C(µ) > 0 and λ3 = λ3(µ) so that for all λ ≥ λ3,
it holds that
λ3µ4
∫ b
−b
∫
Ω
θ2η22φ
3|wˆ|2dxds
≤ C
[ ∫ b
−b
∫
Ω
θ2
(
|F2|2 + |F3|2
)
dxds+ (λµ)18
∫ b
−b
∫
Ω
θ2η22φ
7|qˆ|2dxds
]
.
(4.13)
Step 3. Let us estimate “
∫ b
−b
∫
ω2
θ2φ7|qˆ|2dxds”.
Recall cut-off function η3 ∈ C∞0 (ω3) satisfying η3 = 1 in ω2. By elementary calculation,
we have
θ2φ7η23 qˆ(pˆss +∆pˆ)
= (θ2φ7η23 qˆpˆs)s − θ2φ7η23 pˆsqˆs − (θ2φ7η23)sqˆpˆs + θ2φ7η23 pˆ∆qˆ
+
n∑
j=1
[
θ2φ7η23(qˆpˆxj − qˆxj pˆ)
]
xj
−
n∑
j=1
(θ2φ7η23)xj(qˆpˆxj − qˆxj pˆ).
(4.14)
On the other hand, multiplying the first equation of (4.7) by θ2φ7η23 qˆ, we have
c(x)θ2φ7η23|qˆ|2 = θ2φ7η23 qˆ
(
pˆss +∆pˆ
)
− θ2φ7η23 qˆ(F1 − c(x)qˆ). (4.15)
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Now, integrating (4.15) on (−b, b) × Ω, noting that pˆ(−b) = pˆ(b) = 0 in Ω, by (4.7), (3.6),
(4.14) and (2.1), we find that∫
Ω
θ2η23φ
7|qˆ|2dxds
≤ C
∫ b
−b
∫
Ω
θ2φ7|F1 − c(x)qˆ|2dxds+ C
(λµ)16
∫ b
−b
∫
Ω
θ2φ5η23|∇qˆ|2dxds
+
1
(λµ)18
∫ b
−b
∫
Ω
θ2(λφ)−1
(
|qˆs|2 + |∆qˆ|2
)
dxds
+C(λµ)19
∫ b
−b
∫
ω3
θ2φ15(|∇pˆ|2 + |pˆs|2 + |pˆ|2)dxds.
(4.16)
On the one hand, by Lemma 3.2, we know that
C
(λµ)16
∫ b
−b
∫
Ω
θ2φ5η23|∇qˆ|2dxds
≤ C
(λµ)18
∫ b
−b
∫
Ω
θ2|F3|2dxds+ C
(λµ)14
∫
Ω
θ2η23φ
7|qˆ|2dxds.
(4.17)
On the other hand, by Lemma 3.4, we have
1
(λµ)18
∫ b
−b
∫
Ω
θ2(λφ)−1
(
|qˆs|2 + |∆qˆ|2
)
dxds
≤ C
(λµ)18
[ ∫ b
−b
∫
Ω
θ2|F3|2dxds+ λ3µ4
∫ b
−b
∫
ω1
θ2φ3|qˆ|2dxds
]
≤ C
(λµ)18
∫ b
−b
∫
Ω
θ2|F3|2dxds+ C
(λµ)14
∫ b
−b
∫
ω2
θ2φ7|qˆ|2dxds.
(4.18)
By (4.16)–(4.18), for fixed µ, we conclude that there is a λ4 > 0 such that for all λ ≥ λ4, one
can find two constants C = C(µ) > 0 and λ4 = λ4(µ) so that for all λ ≥ λ3, it holds that
(λµ)18
∫ b
−b
∫
ω2
θ2φ7|qˆ|2dxds ≤ C
∫ b
−b
∫
Ω
θ2φ7
(
(λµ)18|F1 − c(x)qˆ|2 + |F3|2
)
dxds
+C(λµ)37
∫ b
−b
∫
ω3
θ2φ15(|∇pˆ|2 + |pˆs|2 + |pˆ|2)dxds.
(4.19)
Finally, we choose cut-off function η4 ∈ C∞0 (ωc ∩ωd) such that η4 = 1 in ω3. Multiplying
the first equation of (4.7) by θ2φ15η24 pˆ, integrating it on (−b, b) × Ω, using integration by
parts, and noting that pˆ(−b) = pˆ(b) = 0 in Ω, by a simple calculation, we have∫ b
−b
∫
ω3
θ2φ15(|∇pˆ|2 + |pˆs|2)dxds
≤ C
[
eCλ
∫ b
−b
∫
ωc∩ ωd
|pˆ|2dxds+ 1
(λµ)37
∫ b
−b
∫
Ω
θ2|F1|2dxds
]
.
(4.20)
12
Combing (4.9) and (4.16)– (4.20), by (2.1) and (4.4), noting that pˆ = ϕp, wˆ = ϕw, qˆ =
ϕq, by (4.8) and noting that α = 1, taking λ∗ = max{λj, j = 0, 1, 2, 3, 4}, for any λ ≥ λ∗,
we have
λµ2
∫ b
−b
∫
Ω
θ2φ(|∇p|2 + |ps|2 + λ2µ2φ2|p|2 + λ2µ2φ2|w|2 + λ2µ2φ2|q|2)dxds
≤ CeCλ
{∫ b
−b
∫
Ω
(|p0|2 + |w0|2)dxds+
∫ b
−b
∫
ωc∩ ωd
(|p|2 + |ps|2)dxds
}
+C(λµ)18
∫
(−b,−b0)
⋃
(b0,b)
∫
Ω
θ2φ7(|p|+ |ps|2 + |q|+ |w|2)dxds.
(4.21)
Step 4. Recalling (3.2) and (4.5) for the definitions of φ and b, b0, respectively, it is
easy to check that{
φ(s, ·) ≥ 2 + eµ, for any s satisfying |s| ≤ 1,
φ(s, ·) ≤ 1 + eµ, for any s satisfying b0 ≤ |s| ≤ b.
(4.22)
Finally, denote c0 = 2+ e
µ > 1. Fixing the parameter µ in (4.9), and using (4.22), one finds
that
λe2λc0
∫ 1
−1
∫
Ω
(|∇p|2 + |ps|2 + |p|2 + |w|2 + |q|2)dxds
≤ CeCλ
{∫ 2
−2
∫
Ω
(|p0|2 + |w0|2)dxds+
∫ 2
−2
∫
ωc∩ ωd
(|p|2 + |ps|2)dxds
}
+C(λµ)18ec2µe2λ(c0−1)
∫
(−b,−b0)
⋃
(b0,b)
∫
Ω
(|p|2 + |ps|2 + |w|2 + |q|2)dxds
(4.23)
where c2 = 7µ||ψ||L∞(Ω) > 0.
From (4.23), one concludes that there exists an ε2 > 0 such that the desired inequality
(4.2) holds for ε ∈ (0, ε2], which, in turn, implies that it holds for any ε > 0. This completes
the proofs of Theorem 4.1.
Proof of Theorem 4.2. In case of α = 0, the damping we imposed related to d(x)qs, in
this situation, we will estimate the energy of the coupled system (p, w, q) only localized in
ωc ∩ ωd by
∫
ωc∩ωd
(|q|2 + |qs|2)dx. We divide the proof into several steps.
Step 1. Recall η2 ∈ C∞0 (ω2) such that η2 = 1 in ω1. Multiplying the first equation
of (4.7) by θ2φη22 pˆ, integrating it on (−b, b) × Ω, using integration by parts, noting that
pˆ(−b) = pˆ(b) = 0 in Ω and α = 0, by a simple calculation, we conclude that∫ b
−b
∫
Ω
η22θ
2φ(|∇pˆ|2 + |pˆs|2)dxds
≤ C(λµ)2
∫ b
−b
∫
Ω
θ2η22φ
3|pˆ|2dxds+ 1
(λµ)2
∫ b
−b
∫
Ω
θ2|F1|2dxds.
(4.24)
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Therefore, by (4.9) and (4.24), we conclude that there is a µ1 > 0 such that for all µ ≥ µ1,
one can find two constants C = C(µ) > 0 and λ1 = λ1(µ) so that for all λ ≥ λ1, it holds
that
λµ2
∫ b
−b
∫
Ω
θ2φ(|∇pˆ|2 + |pˆs|2 + λ2µ2φ2|pˆ|2 + λ2µ2|wˆ|2 + λ2µ2|qˆ|2)dxds
≤ C
∫ b
−b
∫
Ω
θ2
(
|F1|2 + |F2|2 + |F3|2
)
dxds
+Cλ3µ4
∫ b
−b
∫
ω2
θ2φ3(|pˆ|2 + |wˆ|2)dxds+ CeCλ
∫ b
−b
∫
ω2
|qˆ|2dxds.
(4.25)
Step 2. Let us estimate “
∫ b
−b
∫
ω2
θ2φ3|pˆ|2dxds”.
Recall that η3 ∈ C∞0 (ω3) such that ζ3 = 1 in ω2. Then, multiplying the second equation
of (4.7) by θ2φ3η23 pˆ, we have
c(x)θ2φ3η23|pˆ|2 = θ2φ3η23 pˆ
(
wˆs +∆wˆ
)− θ2φ3η23 pˆ(F2 − c(x)pˆ). (4.26)
However,
θ2φ3η23 pˆ
(
wˆs +∆wˆ
)
= (θ2φ3η23 pˆwˆ)s − (θ2φ3η23)spˆwˆ − θ2φ3η23 pˆswˆ
+
n∑
j=1
(
θ2φ3η23 pˆwˆxj
)
xj
−
n∑
j=1
(θ2φ3η23)xj pˆwˆxj −
n∑
j=1
θ2φ3η23 pˆxj wˆxj .
(4.27)
Now, integrating (4.26) on (−b, b)× Ω, by (4.27) and Lemma 3.4, we get that
∫ b
−b
∫
Ω
θ2η23φ
3|pˆ|2dxds
≤ C
∫ b
−b
∫
Ω
θ2φ3|F2 − c(x)pˆ|2dxds+ C(λµ)3
∫ b
−b
∫
Ω
θ2η23φ
5(|wˆ|2 + |∇wˆ|)2dxds
+
C
(λµ)3
∫ b
−b
∫
Ω
θ2η23φ(|pˆs|2 +∇pˆ|2)dxds.
(4.28)
Proceeding exactly as (4.24), we have
C
(λµ)3
∫ b
−b
∫
Ω
θ2η23φ(|pˆs|2 +∇p|2)dxds
≤ C
λµ
∫ b
−b
∫
Ω
θ2η22φ
3|pˆ|2dxds+ C
(λµ)5
∫ b
−b
∫
Ω
θ2|F1|2dxds.
(4.29)
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Combining (4.28) and (4.29), for fixed µ, there is a λ5 > 0 such that for any λ ≥ λ5, the
following holds:∫ b
−b
∫
ω2
θ2φ3|pˆ|2dxds ≤ C
∫ b
−b
∫
Ω
θ2φ3
(|F2 − c(x)pˆ|2 + (λµ)−5|F1|2)dxds
+C(λµ)3
∫ b
−b
∫
Ω
θ2η23φ
5(|wˆ|2 + |∇wˆ|)2dxds.
(4.30)
Step 3. By using Lemma (3.2) and proceeding similarly analysis as (4.13), we have
C(λµ)3
∫ b
−b
∫
Ω
θ2η23φ
5(|wˆ|2 + |∇wˆ|)2dxds
≤ C(λµ)6
∫ b
−b
∫
Ω
θ2η23φ
5|wˆ|2dxds+ C
∫ b
−b
∫
Ω
θ2φ3|F2|2dxds
≤ C(λµ)−4
∫ b
−b
∫
Ω
θ2φ3
(
|F2|2 + |F3|2
)
dxds+ CeCλ
∫ b
−b
∫
ωc∩ωd
|qˆ|2dxds.
(4.31)
Finally, by (4.25), (4.10) and (4.28), noting that pˆ = ϕp, wˆ = ϕw, qˆ = ϕq, by (4.8),
taking λ∗ = max{λ1, λ5}, for any λ ≥ λ∗, we obtain that
λµ2
∫ b
−b
∫
Ω
θ2φ(|∇p|2 + |ps|2 + λ2µ2φ2|p|2 + λ2µ2φ2|w|2 + λ2µ2φ2|q|2)dxds
≤ CeCλ
[ ∫ b
−b
∫
Ω
(|p0|2 + |w0|2)dxds+
∫ b
−b
∫
ωc∩ωd
(|q|2 + |qs|2)dxds
]
+C(λµ)5
∫
(−b,−b0)
⋃
(b0,b)
∫
Ω
θ2φ3(|p|+ |ps|2 + |q|+ |w|2)dxds.
(4.32)
Then, proceeding exactly the same analysis as (4.22) and (4.23), we complete the proof of
Theorem 4.2.
5 Proof of the main results
In this section, we shall give the proof of logarithmic decay results. Recall (2.3) for the
definition of A and D(A). Denote by R(A) the resolvent set of A. The proof of the
logarithmic decay relies on a result of Burq ([11, Theorem 3]), which links it to estimates
on the resolvent of (A − iµ) for µ ∈ lR. Later, Duyckaerts consider the resolvent operator
(A−λI)−1 for complex number λ. Concerning the resolvent estimate established in Theorem
2.2, let us recall the following known result.
Lemma 5.1 ([16, Theorem 7.1]) Let D > 0, and
OD △=
{
λ ∈ lC : |Reλ| < D−1e−D|Imλ|}.
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Assume that for some D > 0, OD is included in R(A), and that in OD there is a positive
constant C such that
||(A− λI)−1||L(H) ≤ CeC|Imλ|.
Then for all k there exists Ck such that
||etAU0||H ≤ Ck
(log(t+ 2))k
||U0||D(Ak), ∀U0 ∈ D(Ak).
Therefore, once we prove the existence and the estimate of the norm of the resolvent
(A− λI)−1 when Reλ ∈
[
− e−C|Imλ|/C, 0
]
, stated in Theorem 2.2, by virtue of Lemma 5.1,
we can get Theorem 2.1, immediately.
Proof of Theorem 2.2. We divide the proof into two steps.
Step 1. First, fix F = (f 0, f 1, g0, g1) ∈ H and U0 △= U(0) = (y0, y1, z0, z1) ∈ D(A). It is
easy to see that the following equation
(A− λI)U0 = F (5.1)
is equivalent to 

−λy0 + y1 = f 0, in Ω,
∆y0 − [αd(x) + λ]y1 − c(x)z0 = f 1, in Ω,
−λz0 + z1 = g0, in Ω,
−∆2z0 − [(1− α)d(x) + λ)]z1 − c(x)y0 = g1, in Ω,
y0 = z0 = ∆z0 = 0 on Γ.
(5.2)
By (5.2), we conclude that

∆y0 − λ2y0 − αλ(x)y0 − c(x)z0 = [d(x) + λ]f 0 + f 1 in Ω,
−∆2z0 − λ2z0 − (1− α)λd(x)z0 − c(x)y0 = λg0 + g1 in Ω,
y0 = z0 = ∆z0 = 0 on Γ,
y1 = f 0 + λy0, z1 = g0 + λz0 in Ω.
(5.3)
Put
p = eiλsy0, q = eiλsz0. (5.4)
It is easy check that p and q satisfy the following equation:

pss +∆p+ iαd(x)ps − c(x)q = (λf 0 + df 0 + f 1)eiλs in lR× Ω,
qss −∆2q + i(1− α)d(x)qs − c(x)p = (λg0 + g1)eiλs in lR× Ω,
p = q = ∆q = 0 on lR × Γ.
(5.5)
Further, we set
w = qs −∆q. (5.6)
16
Then, clearly, p, q and w satisfy the following equation:

pss +∆p+ iαd(x)ps − c(x)q = (λf 0 + df 0 + f 1)eiλs in lR× Ω,
ws +∆w + i(1− α)d(x)qs − c(x)p = (λg0 + g1)eiλs in lR× Ω,
qs −∆q = w in lR× Ω,
p = q = w = 0 on lR × Γ.
(5.7)
Step 2. By (5.4), we have the following estimates.

||y0||H1
0
(Ω) + ||z0||H2(Ω) ≤ CeC|Imλ|
(||p||H1(Y ) + ||w||L2(Y ) + ||q||L2(Y ))
||p||H1(X) + ||w||L2(X) + ||q||L2(X) ≤ C(|λ|+ 1)eC|Imλ|
(||y0||H1
0
(Ω) + ||z0||H2(Ω)
)
,
||p||L2(X∗) + ||ps||L2(X∗) ≤ C(1 + |λ|)eC|Imλ|||y0||L2(ωc∩ωd),
||q||L2(X∗) + ||qs||L2(X∗) ≤ C(1 + |λ|)eC|Imλ|||z0||L2(ωc∩ωd).
(5.8)
Now, in case of α = 1, applying Theorem 4.1 to equation (5.5), and combining (5.8), we
get that
||y0||H1
0
(Ω) + ||z0||H2(Ω)
≤ CeC|Imλ|
(
||f 0||H1
0
(Ω) + ||f 1||L2(Ω) + ||g0||H2(Ω) + ||g1||L2(Ω) + ||y0||L2(ωc∩ ωd)
)
.
(5.9)
In case of α = 0, applying Theorem 4.2 to equation (5.5), and combining (5.8), we obtain
that
||y0||H1
0
(Ω) + ||z0||H2(Ω)
≤ CeC|Imλ|
(
||f 0||H1
0
(Ω) + ||f 1||L2(Ω) + ||g0||H2(Ω) + ||g1||L2(Ω) + ||z0||L2(ωc∩ ωd)
)
.
(5.10)
On the other hand, multiplying the first equation of (5.3) by 2y0 and integrating it on Ω, it
follows that∫
Ω
(
−∆y0 + λ2y0 + αλd(x)y0 + c(x)z0
)
· 2y0dx
= 2λ2
∫
Ω
|y0|2dx+ 2
∫
Ω
|∇y0|2dx+ 2α
∫
Ω
λd(x)|y0|2dx+ 2
∫
Ω
c(x)z0y0dx.
(5.11)
Similarly, multiplying the second equation of (5.3) by 2z0 and integrating it on Ω, we find
that∫
Ω
(
∆2z0 + λ2z0 + (1− α)λd(x)z0 + cy0
)
· 2z0dx
= 2λ2
∫
Ω
|z0|2dx+ 2
∫
Ω
|∆z0|2dx+ 2(1− α)
∫
Ω
λd(x)|z0|2dx+ 2
∫
Ω
c(x)y0z0dx.
(5.12)
17
Taking the imaginary part in the both sides of (5.11) +(5.12), by (5.5), we have
2α|Imλ|
∫
Ω
d(x)|y0|2dx+ 2(1− α)|Imλ|
∫
Ω
d(x)|z0|2dx
≤ C
[
||(λf 0 + df 0 + f 1)||L2(Ω)||y0||L2(Ω) + |Imλ||Reλ|||y0||2L2(Ω)
]
+C
[
||(λg0 + g1)||L2(Ω)||z0||L2(Ω) + |Imλ||Reλ|||z0||2L2(Ω)
]
,
(5.13)
where we have use the following obvious fact:
Im
∫
Ω
c(x)z0y0dx+ Im
∫
Ω
c(x)y0z0dx = Im
∫
Ω
c(x)(z0y0 + y0z0)dx = 0.
Hence, combining (5.9) and (5.13), and noting that d(x) ≥ d0 > 0 on ωd, we arrive at
||y0||H1
0
(Ω) + ||z0||H2(Ω)
≤ CeC|Imλ|(||f 0||H1
0
(Ω) + ||f 1||L2(Ω) + ||g0||H2(Ω) + ||g1||L2(Ω)
)
+CeC|Imλ||Reλ|(||y0||H1
0
(Ω) + ||z0||H2(Ω)).
(5.14)
We now take
CeC|Imλ||Reλ| ≤ 1
2
,
which holds, whenever |Reλ| ≤ e−C|Imλ|/C for some sufficiently large C > 0. Then, by
(5.14), we find that
||y0||H1
0
(Ω) + ||z0||H2(Ω)
≤ CeC|Imλ|(||f 0||H1
0
(Ω) + ||f 1||L2(Ω) + ||g0||H2(Ω) + ||g1||L2(Ω)
)
.
(5.15)
Recalling that y1 = f 0 + λy0, z1 = g0 + λz0, it follows
||y1||L2(Ω) + ||z1||L2(Ω)
≤ ||f 0||L2(Ω) + |λ|||y0||L2(Ω) + ||g0||H2(Ω) + |λ|||z0||H2(Ω)
≤ CeC|Imλ|(||f 0||H1
0
(Ω) + ||f 1||L2(Ω) + ||g0||H2(Ω) + ||g1||L2(Ω)
)
.
(5.16)
By (5.15)–(5.16), we know that A − λI is injective. Therefore A − λI is bi-injective from
D(A) to H1. Moreover,
||(A− λI)−1||L(H;H) ≤ CeC|Imλ|, Reλ ∈ [−e−C|Imλ|/C, 0], |λ| ≥ 1.
This completes the proof of Theorem 2.2.
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